Abstract. We show that the real cohomology algebra of a compact toric variety of complex dimension 2 is completely determined by the combinatorial data of its de ning fan. Surprisingly enough, this is no longer the case when taking rational coe cients. Moreover, we show that neither the rational nor the real or complex cohomology algebras of compact quasi-smooth toric varieties are combinatorial invariants in general.
Introduction
The interest in toric varieties from various elds of mathematics is widely due to their two-fold nature: On the one hand, they are algebro-geometric objects, on the other hand, they are de ned through discrete geometric objects and possess natural combinatorial data. Much as algebro-geometric properties of toric varieties have combinatorial characterizations, one is led to ask whether topological invariants of a toric variety are determined by the combinatorics of the de ning fan. In the present paper we address this question regarding the rational cohomology algebras of compact quasi-smooth toric varieties.
On the discrete-geometric side, we will be concerned with complete fans of strictly convex, simplicial cones in R d . Let be such a fan, generated by primitive lattice vectors v 1 ; : : :; v n in N = Z d . Denote by ( ) the simplicial complex de ned on the index set of generating lattice vectors, with a subset forming a simplex in ( ) if and only if the corresponding lattice vectors span a cone in . We want to refer to the abstract simplicial complex ( ) as the combinatorial data of . Equally, we could refer to the face poset of .
Complete simplicial fans de ne toric varieties that are compact and quasi-smooth, the latter meaning that they at worst have nite quotient singularities. For the basic theory of toric varieties we refer to the standard textbooks by Oda, Fulton and Ewald Od, Fu, Ew] , as well as to the classical survey paper by Danilov Da] .
For a compact quasi-smooth toric variety the linear structure of cohomology with rational coe cients is determined by the combinatorial data of the de ning fan. Together with a description of the ring structure due to Danilov Da] , this makes compact quasismooth toric varieties a natural class for our investigations. Let us mention here that the integer cohomology of toric varieties is not even combinatorially determined in complex dimension 2 FY] , nor are the rational Betti numbers combinatorial invariants beyond the quasi-smooth case McC]. Date: May 10, 1999. 1 Let us sketch the content of this paper: In Section 2 we state Danilov's result (Theorem 2.1) along with a discussion of some geometric aspects of his algebra presentation. Section 3 is devoted to the situation in complex dimension 2 which turns out to be surprisingly intricate: We show that the real cohomology algebra of a compact toric variety of complex dimension 2 is completely determined by the combinatorial data of its de ning fan, i.e., by the number of rays alone (Theorem 3.7). We obtain this result as a consequence of the so-called Hodge-Riemann-Minkowski inequalities McM, Thm.8 .2] which we reprove from an algebro-geometric viewpoint (Theorem 3.6). In contrast to our result on the real cohomology algebra, we show that the rational cohomology algebra of a compact toric variety in complex dimension 2 is no longer a combinatorial invariant (Example 3.8). In Section 4 we present an example of toric varieties in complex dimension 3 which shows that neither the rational, nor the real or the complex cohomology algebras of compact quasi-smooth toric varieties are combinatorial invariants in general (Example 4.1).
Contrasting our results, let us mention that the rational equivariant cohomology algebra of a compact quasi-smooth toric variety X with its natural torus action is combinatorially determined: it is isomorphic to the Stanley-Reisner ring of the simplicial complex ( ) ( Br, Remark p. 17] and Bi]).
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Preliminaries on Danilov's algebra presentation
We rst state the presentation for the rational cohomology algebra of a compact quasismooth toric variety due to Danilov Da] . It is up to now the most comprehensive result on the cohomology ring structure of toric varieties. We will then recall the geometric meaning of the multiplicative generators (compare Da, x5.7, x10]), and subsequently derive a description of the cohomological dual of the fundamental class for further reference.
Theorem 2.1. ( Da, Multiplication among these generators { in the dual picture: intersection of the divisors { is described by Proposition 2.3. Let X be a compact quasi-smooth toric variety with de ning fan 3. Cohomology of toric varieties of complex dimension 2 In this section we consider compact toric varieties associated with complete fans in R 2 . Such fans are per se simplicial and strongly polytopal, hence the associated toric varieties are quasi-smooth and projective.
Let denote a complete fan in R 2 , spanned by n primitive lattice vectors v 1 ; : : : ; v n in N = Z 2 . According to Theorem 2.1 the cohomology of the associated toric variety X with coe cients in K, K = Q; R or C , is linearly isomorphic to a graded vector space U over K with total dimension n: dim K U i = Encoding (U; 2 ) with respect to B requires basis changes by Q := ' j U 2 2 GL(n?2; K) in degree 2, and by 1 q 2 K { a scalar multiplication { in degree 4, where q is de ned by '(u) 
Conversely, if matrices that encode algebra structures (U; 1 ) and (U; 2 ), respectively, are related as described in the proposition, then ' : (U; 1 ) ?! (U; 2 ) de ned by '(u i ) = Q u i , i = 1; : : : ; n?2, and '(u) = 1 q u, is an algebra isomorphism.
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We introduce an invariant of the toric varieties under consideration that is closely related, but ner than the abstract isomorphism type of their cohomology algebras:
De nition 3.2. Let X be a compact toric variety of complex dimension 2. We associate a symmetric bilinear form ( ) : H 2 (X ; K) H 2 (X ; K) ?! K by de ning ( )(a; b) = h a^b ; X ] i for a; b 2 H 2 (X ; K) ; where h ; X ] i denotes evaluation on the fundamental class of X .
With Proposition 2.3 at hand we are able to write out explicit matrix descriptions for the symmetric bilinear forms ( ). In the linear basis for H 2 (X ; K) given by the generators z 1 ; : : : ; z n?2 of the Danilov presentation the matrix description reads M( ( )) = ( i;j ) 1 i;j n?2 with i;j 2 K de ned by z i^zj = i;j X ] .
Using our characterization of isomorphisms of algebra structures on the graded vector space U = H (X ; K) (Proposition 3.1) we can state the following observation: Proposition 3.3. Let X and X 0 be compact toric varieties of complex dimension 2.
If the symmetric bilinear forms ( ) and ( 0 ) are equivalent over K then the cohomology algebras of the varieties with coe cients in K are isomorphic. The forms ( ) belong to a larger family of symmetric bilinear forms de ned on the cohomology of any complex projective quasi-smooth variety. Recall that the Hard Lefschetz Theorem holds for such varieties, i.e., iterated cup product multiplication with a suitable cohomology class ! 2 H 2 (X; K) induces isomorphisms on the graded pieces of H (X; K): Proof of Theorem 3.6. As a consequence of the Hard Lefschetz Theorem for compact projective quasi-smooth toric varieties, there is a direct sum decomposition on each graded piece of the cohomology algebra { the so-called Lefschetz decomposition: Whereas all before-mentioned arguments hold in the generality of complex projective quasi-smooth varieties, we now need to use a particular feature of Hodge ltrations in the toric case: There is a spectral sequence converging to H (X ; C ),
with E 1 -term the hypercohomology of the complex of sheaves of di erential forms on X . The spectral sequence collapses in its rst term and yields the Hodge ltration on H (X ; C ) Da, Thm. 12.5]. From Da, Prop. 12.11] we see that for quasi-smooth toric varieties the tableau entries H q (X ; p X ) are trivial unless p = q, thus we conclude that the only non-trivial summand in the Hodge decomposition of H 2k (X ; C ) is the summand of symmetric degree (k; k).
The Hodge-Riemann bilinear relations (3.3) thus assert that the symmetric bilinear forms 2k , 0 k b d 2 c, either have positive or negative eigenvalues on entire summands of the Lefschetz decomposition (3.2) and that the signs of eigenvalues alternate with k.
To determine the number of positive and negative eigenvalues observe that as a consequence of the Hard Lefschetz Theorem
2 c. The statement of the theorem thus follows. 2
Our main result on the description of real (and thus of complex) cohomology algebras of compact toric varieties in complex dimension 2 is now an easy consequence:
Theorem 3.7. The real cohomology algebra of a compact toric variety of complex dimension 2 is completely determined by the combinatorial data of its de ning fan, i.e., by the number of rays alone. Let denote a complete fan in R 2 as described above, then H (X ; R) = R z 1 ; : : : ; z n?2 ] We will show that the rational cohomology algebras of the associated toric varieties X and X 0 are not isomorphic. Straightforward simpli cations of the algebra presentations according to Danilov (compare We compare nontrivial solutions for the system of equations In H (X ; Q), (x; y; z) = (u 1 ; u 2 ; u 2 1 ) obviously solves (3:4). Now assume that x; y; z with x = u 1 + u 2 and y = u 1 + u 2 is a solution of (3:4) in H (X 0; Q). W.l.o.g. we can assume that the coe cients ; ; ; are integers with gcd( ; ; ; ) = 1. From xy = 0 and x 2 = ?y 2 we deduce that = 2 2 + 2 = 2 ( 2 + 2 ) : But these conditions imply that 2 is a common divisor of the coe cients, contradicting our assumption. Hence, the system of equations (3:4) has no nontrivial solution in H (X 0; Q) which shows that the algebras are not isomorphic.
We have thus proven the following: Theorem 3.9. The rational cohomology algebra of a compact quasi-smooth toric variety is not a combinatorial invariant, not even in the projective case.
4. Cohomology of quasi-smooth toric varieties is not combinatorial We close our investigations with an example showing that already in complex dimension 3 neither the real nor the complex cohomology algebras of quasi-smooth toric varieties are combinatorial invariants. and let 0 denote the fan spanned by its boundary complex over 0 2 int P 0 .
When \rotating" the top facet of P clockwise, the maximal simplices in the abovementioned triangulation of the boundary of P are realized as facets of a convex polytope. The combinatorial type of P , i.e., its face lattice, coincides with that of P 0 : Both fans and 0 have the combinatorial type of a fan spanned by an octahedron in R 3 .
We will show that the cohomology algebras of the associated toric varieties X and X 0 are not isomorphic as graded-commutative algebras, neither over Q, nor over R or C .
Setting z 1 = z 5 + z 6 , z 2 = 1 2 z 4 ? 1 2 z 5 + 1 2 z 6 , and z 3 = 1 2 z 4 + 1 2 z 5 ? 1 2 z 6 in the Danilov presentation for H (X ; K), and setting z 1 = z 6 , z 2 = z 4 and z 3 = z 5 in the Danilov presentation for H (X 0; K), K = Q; R or C , we obtain the following algebra presentations: In neither of the considered coe cient elds this system of equations has a solution other than the trivial one; hence squares of elements in H 2 (X ; K) are non-zero.
Already the de ning relations in the before-mentioned presentation of H (X 0; K) however show that there are elements in H 2 (X 0; K) whose squares are zero. We conclude that the algebras are non-isomorphic, and have thus proven the following: Theorem 4.2. For compact quasi-smooth toric varieties in general, neither the rational nor the real or complex cohomology algebras are determined by the combinatorial data of the de ning fans.
